A cell-automaton model for a binary eutectic system has been developed. This study examines a Bridgeman-type temperature field with periodic boundary conditions. A stable operating range of lamellar spacings is obtained based on the parameters of the temperature field. The undercooling of the liquid phase ahead of the solid/liquid interface is also estimated in the calculations. The estimated lamellar spacings and undercoolings agree well with the predictions of the Jackson-Hunt model.
Introduction
Eutectic alloys are used widely in industrial materials such as cast iron (Fe-C), silmin (Al-Si) and soldering alloys. In addition to this use, the benefit of eutectic materials as in-situ composites has attracted attentions. Namely, the minor phase acts as a physical function and the major phase supports the full strength of the material, compensating for the lack of strength of the minor part. Therefore, in order to develop a new functional structure as a composite material, control of the eutectic solidification would be a key technique.
Generally speaking, the methods of studying the formation of the structure of alloys can be divided in three ways. The first is the observation of structures and the measurement of specific parameters by experiment. This might be considered the starting point for all the scientific research. Secondly, the researchers try to construct analytical models which can predict the phenomena observed in the experiments. Using basic physical equations and presuming that a few effects of the thermodynamic ''force'' control the phenomena and that other effects can be regarded as negligible, a series of equations can be developed with suitable boundary/initial conditions. The solutions of the equations are obtained by an analytical method (or numerical calculations). The predictions of the analytical method, in turn, should be examined by experiments. As for the third method of study, numerical simulations have recently been developed. These include Monte Carlo simulations, phase-field methods, cell-automaton methods, etc. In numerical simulations, basic calculation rules are also formulated, but the effects of the rules are not considered prior to calculation. The effects are recognized after the calculations are performed.
In the field of study concerning eutectic growth, analytical models were explored after World War II. [1] [2] [3] [4] In these studies, the Jackson and Hunt (JH) model 4) presented not only analytical solutions for the specific spacing and undercooling of the lamellar and rod-like regular eutectic growth, but also a hypothesis for the adjustment of the specific spacing. Irregular eutectic growth models have also been proposed. 5, 6) The JH model has also been extended to rapid solidification condition.
7) The methods of the JH model have also been applied to the growth of the three-phase structure with regular lamellar, rod + hexagon and semi-regular brick-type morphologies. 8) In 1994, J. A. Spittle and S. G. R. Brown studied a 3-D cellular automaton model of coupled growth in twocomponent systems. 9) They obtained lamellar structures in undercooled two component melts using a simple algorithm.
In this work, we wish to compare the results of a 2-D cell-automaton model with those of the JH model. By introducing temperature fields moving with constant velocities (Bridgeman-type temperature fields) into the cellautomaton program, it can be determined whether quasistationary solidifications are obtained, and therefore the results of the cell-automaton program can be compared directly with the prediction of the JH model. The lamellar spacing and the undercooling of the liquid at the solid/liquid interface will also be examined.
Algorithm and Parameters of Calculation for the 2-D
Cell-Automaton Model
Assumptions of symmetrical phase diagram
For simplicity of calculation, similar to Spettle and Brown, 9) a symmetrical phase diagram is assumed, shown in Fig. 1 . Along with the parameters shown in Fig. 1 
À9 m 2 /s, and the Gibbs-Thomson coefficient, À ¼ 2:0 Â 10 À7 KÁm, are introduced. The symbols and values used in this calculation are listed in Appendix.
Domain of the calculation
A rectangular shaped domain is used for the cellautomaton calculation, consisting of N cells for the transverse direction, where the temperatures are constant, multiplied by M cells for the longitudinal direction, along which the crystals would grow (see Fig. 2 ). The periodic boundary condition is employed as the boundary condition concerning the edge of the domain for the growth direction. This means that the sum of the numbers of seeds of the first solid phase () and the second solid phase () should divide N with no remainder. If a remainder were to exist, the calculation of the field would necessarily be disturbed and a false unstable growth pattern would be obtained. Therefore N is adjusted according to the number of the seeds. N was about 120 to 150 depending on the number of the seeds. M was at 300 in most cases.
Variable temperature field
A variable temperature field is imposed into the domain. The field has a uniform temperature gradient, G ð>0Þ with the direction of M. The frame of the temperature field moves at a constant velocity, Vel. So the temperature of any cells in the domain drops G Á Vel Á Át in one step of the calculation, where Át is the time step of the calculation.
Rules of the calculation for growth and algorithm
Each cell has three types of values: the state of cell, STATE, the content of solute, C; and the fraction of solid, f S . The variable STATE indicates the state of the phase and can hold one of five values: ''1'' indicates the liquid phase; ''2'' the /liquid interface (-liquid mixture); ''3'' the -liquid interface, ''4'' ; and ''5'' .
A process controlled by solute diffusion is assumed. The diffusion process is assumed to act only between the cells accompanying the liquid phase; that is between 1-1, 1-2, 1-3, 2-2, 2-3 and 3-3 couples. Diffusion in the solid is neglected. Fick's diffusion equation is presumed, and the calculation is performed between the neighboring cells. Interactions between a cell and its neighboring ''north'' cell, ''south'' cell, ''east'' cell and ''west'' cell are accounted for by employing a finite difference calculation. For diffusion between the liquid cell and solid/liquid interface cell, the diffusion coefficient is modified as
where f S is the fraction of solid in the solid/liquid cell. For diffusion between interface cells, the diffusion coefficient is modified as
where f 1 S is the fraction of solid in the first solid/liquid cell and f 2 S it that of the second.
Equilibrium solute partitioning is adopted. In the /liquid interface (STATE 2) or /liquid interface (STATE 3), the fraction of solid is calculated by
where C is the average content of the solute in the cell, C S the solid content and C L the liquid content with the latter two corresponding to the extension of the liquidus/solidus line of the phase diagram at the imposed temperature. Due to consideration of the Gibbs-Thomson effect, the content C L is somewhat modified from the quasi-equilibrium diagram for calculation of solute diffusion as
Where T 0 is T 0 or T 0 and m is m or Àm . The curvature of the solid/liquid interface is calculated with the boxcounting method.
10)
Transition of STATE is formulated as follows: if f S becomes greater than unity, STATE ¼ 2 changes to 4 and STATE ¼ 3 changes to 5; if more than three cells have STATE ¼ 4 in the eight neighboring cells around a cell of STATE ¼ 1, the cell of STATE 1 changes to 2; if more than three cells have STATE ¼ 5 in the eight neighboring cells around a cell of STATE ¼ 1, the cell of STATE ¼ 1 changes to 3. The former rule seems reasonable but the latter rules look somewhat artificial. This algorithm is adopted because of the lack of movement of the = boundary in the cellautomaton model and due to the growth rule of Spittle and Brown. 9) 2.5 Estimate of the lamellar spacing and the undercooling As this study aims to compare the results of the calculation with cell-automaton model with the predictions of the JH model, the lamellar spacing and the undercooling at a given growth velocity ought to be estimated in the calculation. Before estimating the spacing and the undercooling, the growth velocity in the calculation should be estimated. To estimate the growth velocity, parallel lines are drawn at M À 100 and M À 50. The time t 1 is defined in such a way that any STATE½i; M À 100 changes from 1 to 2 or 3, and the time t 2 is defined in such a way that any state STATE½i; M À 50 changes from 1 to 2 or 3. The growth velocity, V, is defined as V ¼ 50Áx=ðt 2 À t 1 Þ. More precisely, t 2 À t 1 is replaced in the calculation as t 2 À t 1 ¼ Át Á ðdi f ference o f stepsÞ. In this way, the estimated growth velocity, V, can be compared with the moving speed of the frame of the temperature field, Vel, and it can be determined whether a (quasi) stationary growth is obtained in the calculation. In this study, when 0:995 V=Vel 1, we have determined that a quasi-stationary growth is achieved.
The spacing, , is calculated near the end stage of the calculation on M À 50. Actually, when a stable growth is obtained, the spacing does not differ from the spacing which is given by the seeds at the initial step of the calculation. (/liquid or /liquid). This method might overestimate the undercooling, but the estimated error is less than 0.005 K (GÁx) when G ¼ 5 Â 10 3 K/m and Áx ¼ 10 À6 m.
Procedure of calculation
The temperature gradient, G, was fixed as 5 Â 10 3 K/m. The moving speed of the frame of the temperature field, Vel, was in the range between 10 À6 and 10 À4 m/s. The cases for Vel ¼ 1 Â 10 À6 , 2 Â 10 À6 , 5 Â 10 À6 and 1 Â 10 À5 m/s, etc., were calculated.
The initial seeds were given in the ½i;
The growth structures were displayed in a real time and/or after calculation as accelerated animation. From these observations, stable growth or unstable growth could be determined, and operating ranges of lamellar spacing for stable growth were obtained. The values of spacings and the undercooling were also compared with the JH model. (a) (b) (c) 
JH model
The material parameters for the JH model 4) were same as those used for the cell-automaton calculations listed in Appendix. In addition to these parameters, the contact angles of the liquid/solid interface at the triple-phase junction, , were assumed as 45 degrees for both phases. This meant that the prediction of the JH model could change by a factor of 2, because influences the capillarity terms of the JH model solution through sine function.
The JH model 4) describes the minimum lamellar spacing, , and the growth undercooling of the interface, ÁT, through the growth velocity, V, as
and
where, m; Q L ; a L are constants given by
and ; P; a
The two analytical equations representing the lamellar spacing and the growth undercooling are based on several physical presumptions, as will be discussed section 3.4.
Results and Discussion

Stable operating range for the lamellar spacing
For a given temperature gradient and a moving speed of the frame of the temperature field, a certain operating range for the lamellar spacing has been obtained. À7 m, i.e., the seed lamellar spacing is 7:0 Â 10 À6 m. Because, Áx of the case (c), is a half of that of (a) or (b), the domain of this case is smaller than that of (a) or (b). Figure 3 
Liquid undercooling at the interface
The liquid undercooling of the forward cell on the top of the interface was estimated in the calculation. Figure 5 shows the results of the cases of stable growth. The prediction of the JH model is also drawn as a straight line. Besides the unstationary growth case (open square), the results calculated agree with the line within a factor of about two. The estimated values of undercooling were larger than 0.05 K and one order greater than the maximum error, 0.005 K. 
Average mean curvature of the growth phase
In addition to the results of the lamellar spacing and the liquid undercooling at the interface, the value of the average mean curvature of the growth phase was estimated by calculation near the end stage of the cell-automaton simulation. Because the curvature value is localized at each interface cell and changes step by step in the calculation, the values for the -phase were estimated through ½N=2 þ 1; N=2 þ n cells and these mean curvatures were averaged. Figure 6 shows the average mean curvature compared with the growth rate. It appears that the curvature increases as the growth rate increases. The value of the symbol on the upper left of Fig. 6 seems to be somewhat higher than expected. This might be due to the sampling procedure used in the calculation. Other than this, the value coincides with expectations because the curvature has an inverse relationship to the lamellar spacing.
Comparison of the methologies of JH model and this
cell-automaton model Jackson and Hunt model consists of four steps: (1) it solves a periodic boundary diffusion problem of a solute B in the liquid phase and estimates the solutal undercooling ahead of -phase and -phase; (2) it estimates the curvatures of theliquid interface and the -liquid interface and calculates the capillary undercoolings; (3) the average undercoolings of or is assumed to be the sum of the solutal and capillary undercoolings, and the solid-liquid interface is presumed to be macroscopically planar, that is, " ÁT ÁT ¼ " ÁT ÁT , where, " ÁT ÁT is the average undercooling of the -liquid interface and " ÁT ÁT is that of the -liquid interface; (4) finally, that the eutectic structure grows near the extreme condition, that is, the structure grows at the minimum undercooling varying is assumed, and the two equations describing and ÁT are gained.
In this cell automaton method both the diffusion of solute B and the capillary undercooling are taken in account, although they are conducted with a finite diffrence calcuation and a box-counting method. In this method, the assumpions of a macroscopically isothermal interface and the extreme condition are not introduced. Instead, the rule are adopted that the liquid changes to -liquid cell or -liquid cell according to the numbers of the solid cell ( or ) in the neighboring eight cells. Changing start (the spacing of seeds and ), stable growth or unstable growth are gained naturally as results of calculations. Operating ranges of the lamellar spacing for a fixed growth condions are gained, which were explained in the JH model as competition between lamellar growth and rod-like growth.
Ultimately, this cell-automaton method does not need the two ad hoc assumptiions, the macroscopically planar interface and the extreme condition. Although the ''-liquid orliquid selection rule'' is a somewhat artificial, the agreement of the results between the JH model and this model is striking. This suggests the classical value of the Jackson and Hunt model and usefulness of the numerical calculation method for the case where analytical modelling is difficult.
Summary
A cell-automaton method was introduced to simulate the growth of eutectic solidification of a binary alloy. Operating ranges for stable, quasi-sationary growth have been obtained corresponding to the moving spped of the frame of temperature field and the temperature gradient of the field. For stable, quasi-stationary growth, the estimated values of lamellar spacing and the undercooling of the liquid at the solid/liquid interface have agreed with the predictions of Jackson and Hunt model within a factor of two. 
